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ABSTRACT
Special Kahler manifolds are dened by coupling of vector multiplets to N = 2 supergravity.
The coupling in rigid supersymmetry exhibits similar features. These models contain n vectors
in rigid supersymmetry and n+ 1 in supergravity, and n complex scalars. Apart from excep-
tional cases they are dened by a holomorphic function of the scalars. For supergravity this
function is homogeneous of second degree in an (n+1)-dimensional projective space. Another
formulation exists which does not start from this function, but from a symplectic (2n)- or
(2n+ 2)-dimensional complex space. Symplectic transformations lead either to isometries on
the manifold or to symplectic reparametrizations. Finally we touch on the connection with
special quaternionic and very special real manifolds, and the classication of homogeneous
special manifolds.
y
Based on invited lectures delivered by AVP at the Spring workshop on String theory, Trieste, April
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1. Introduction
In nonlinear sigma models, the spinless
elds dene a map from the d-dimensional
Minkowskian space-time to some `target space',
whose metric is given by the kinetic terms of
these scalars. Supersymmetry severely restricts
the possible target-space geometries. The type
of target space which one can obtain depends
on d and on N , the latter indicating the num-
ber of independent supersymmetry transforma-
tions. The number of supersymmetry generators
(`supercharges') is thus equal to N times the di-
mension of the (smallest) spinor representation.
For realistic supergravity this number of super-
charge components cannot exceed 32. As 32 is
the number of components of a Lorentz spinor
in d = 11 space-time dimensions, it follows that
realistic supergravity theories can only exist for
dimensions d  11. For the physical d = 4 di-
mensional space-time, one can have supergravity
theories with 1  N  8.
As clearly exhibited in table 1, the more super-
charge components one has, the more restrictions
one nds. When the number of supercharge com-
ponents exceeds 8, the target spaces are restricted
to symmetric spaces. For  = 16 components,
they are specied by an integer n, which spec-
ies the number of vector multiplets. This row
continues to N = 1, d = 10. Beyond 16 super-
charge components there is no freedom left. The
row with 32 supercharge components continues to
N = 1, d = 11. Here we treat the case of 8 super-
charge components. This is the highest value of
N where the target space is not yet restricted to

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be a symmetric space, although supersymmetry
has already xed a lot of its structure. We will
mostly be concerned with N = 2 in d = 4 dimen-
sions. The target space factorizes into a quater-
nionic and a Kahler manifold of a particular type
[1], called special [2]. The former contains the
scalars of the hypermultiplets (multiplets with-
out vectors). The latter contain the scalars in
vector multiplets. Recently the special Kahler
structure received a lot of attention, because it
plays an important role in string compactica-
tions. Also quaternionic manifolds appear in this
context, and also here it is a restricted class of
special quaternionic manifolds that is relevant.
In lowest order of the string coupling constant
these manifolds are even `very special' Kahler and
quaternionic, a notion that we will dene below.
In the next section we describe the actions of
N = 2 vector multiplets. First we consider rigid
supersymmetry. We explain the elds in the mul-
tiplets, their description in superspace and how
this leads to a holomorphic prepotential. Then we
exhibit how the structure becomes more compli-
cated in supergravity, where the space of physical
scalars is embedded in a projective space. This
became apparent by starting from the supercon-
formal tensor calculus.
In section 3 we discuss the symplectic transfor-
mations, which play an important role in the re-
cent developments of weak{strong coupling dual-
ities. First we repeat the general idea (and eluci-
date it for S and T dualities), and then show what
is the extra structure in N = 2 theories. There
are two kind of applications, either as isometries
of the manifolds (symmetries of the theory), or
as equivalence relations of prepotentials (pseudo-
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Table 1
Restrictions on target-space manifolds according to the type of supergravity theory. The rows are arranged
such that the number  of supercharge components is constant. M refers to a general Riemannian
manifold, SK to `special Kahler', V SR to `very special real' and Q to quaternionic manifolds.
 d = 2 d = 3 d = 4 d = 5 d = 6
N = 1
2 M
N = 2 N = 2 N = 1
4 Kahler Kahler Kahler
N = 4 N = 4 N = 2 N = 2 N = 1
8 Q Q SK  Q V SR Q  Q









... d = 10





... d = 11
symmetries). We illustrate both with explicit
examples. These will also exhibit formulations
without a prepotential, showing the need for a
formulation that does not rely on the existence of
a prepotential. This formulation is given at the
end of the section. Some further results will be
mentioned in section 4.
In all of this we conne ourselves to special ge-
ometry from a supersymmetry/supergravity per-
spective. The connection with the geometry of
the moduli of Calabi-Yau spaces [2{7] is treated
in the lectures of Pietro Fre [8].
2. N = 2 actions
Table 2
Physical elds in N = 2, d = 4 actions






We briey introduce special Kahler manifolds
in the context of N = 2, d = 4 supergravity. As
exhibited in table 2, the physical multiplets of
supersymmetry are vector and hypermultiplets,
which can be coupled to supergravity. In this
section we will not consider the hypermultiplets.
The scalar sector of the N = 2 supergravity-
Yang-Mills theory in four space-time dimensions
denes the `special Kahler manifolds'. Without
supergravity we have N = 2 supersymmetric
Yang-Mills theory, which we will treat rst. The
spinless elds parametrize then a similar type of
Kahler manifolds. The vector potentials, which
describe the spin-1 particles, are accompanied by
complex scalar elds and doublets of spinor elds,
all taking values in the Lie algebra associated with
the group that can be gauged by the vectors. In
the second subsection we will see what the con-
sequences are of mixing the vectors in the vector
multiplets with the one in the supergravity mul-
tiplet.
2.1. Rigid supersymmetry








where i = 1; 2 and ; _
are the spinor indices. The simplest superelds
are, as in N = 1, the chiral superelds. They are









a covariant chiral superspace derivative, and  is
























































+ : : : ;
where : : : stands for terms cubic or higher in .
New component elds can appear up to 
4
, lead-
ing to 8 + 8 complex eld components. All these
elds do not form an irreducible representation
of supersymmetry, but can be split into two sets
of 8 + 8 real elds transforming irreducibly. We
restrict ourselves to the set containing the elds
already exhibited in (1), which leads to the vector
multiplet (The others form a `linear multiplet').




























which for instance implies that the symmetric
tensor Y
ij










, so that it consists of only 3 real
scalar elds. But more importantly, we also ob-











= 0, which is the Bianchi iden-
tity, which implies that F is the eld strength of
a vector potential. All the terms : : : in (1) are
determined in terms of the elds written down.
Therefore the independent components of the

















physical scalars and spinors, F
A
are the elds
strengths of the vectors and Y
A
will be auxiliary
scalars in the actions which we will construct.
As we have a chiral supereld, an action can be
obtained by integrating an arbitrary holomorphic








 F () + c:c: (3)






































where the latter two terms are the couplings of the
vector elds to the spinors and the terms quartic
in fermions, which we do not write explicitly here.

















































For N = 1 the Kahler potential could have been
arbitrary. The presence of two independent su-
persymmetries implies that this Kahler metric,
and even the complete action, depends on a holo-
morphic prepotential F (X), where X denotes the
complex scalar elds. Two dierent functions
F (X) may correspond to equivalent equations of







= 2 Im F
AB
, it follows that











where a and q
A




. But more relations can be derived from
the symplectic transformations that we discuss
shortly.
The fact that the metric is Kahlerian implies
that only curvature components with two holo-
morphic and two anti{holomorphic indices can be
non{zero. In this case, these are determined by

















2.2. Vector multiplets coupled to super-
gravity
The general action for vector multiplets cou-
pled to N = 2 supergravity was rst derived us-
ing superconformal tensor calculus [1]. In that
approach one starts from the N = 2 superconfor-
mal group, which is
SU (2; 2jN = 2)  SU (2; 2)
 U (1)
 SU (2) : (8)
The bosonic subgroup, which we exhibited, con-
tains, apart from the conformal group in d = 4,
also U (1) and SU (2) factors. The Kahlerian na-
ture of vector multiplet couplings and the quater-
nionic nature of hypermultiplet couplings is di-
rectly related to the presence of these two groups.
The superconformal group is, however, mainly a
useful tool for constructing actions which have
just super-Poincare invariance (see the reviews
[10]). To make that transition, the dilatations,
special conformal transformations and U (1) 
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Here and henceforth we use the convention where F
AB
denote multiple derivatives with respect to X of the holo-
morphic prepotential.
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SU (2) are broken by an explicit gauge xing. The
same applies to some extra S{supersymmetry in
the fermionic sector.
To describe theories as exhibited in table 2, the
following multiplets are introduced: (other pos-
sibilities, leading to equivalent physical theories,
also exist, see [11, 10]). The Weyl multiplet con-
tains the vierbein, the two gravitinos, and auxil-










with I = 0; 1; :::; n: (9)
The extra vector multiplet labelled by I = 0
contains the scalar elds which are to be gauge{
xed in order to break dilations and the U (1), the
fermion to break the S{supersymmetry, and the
vector which corresponds to the physical vector
of the supergravity multiplet in table 2. Finally,
there are s + 1 hypermultiplets, one of these con-
tains only auxiliary elds and elds used for the
gauge xing of SU (2). For most of this paper we
will not discuss hypermultiplets (s = 0).
Under dilatations the scalars X
I
transform
with weight 1. On the other hand an action sim-
ilar to (3) can only be constructed if F (X) has
Weyl weight 2. This leads to the important con-
clusion that for the coupling of vector multiplets
to supergravity, one again starts from a holomor-
phic prepotential F (X), this time of n+1 complex
elds, but now it must be a homogeneous function
of degree two [1].















)eR, where R is the space{time curvature.
To have the canonical kinetic terms for the gravi-
ton, it is therefore convenient to impose as gauge













) = 1 : (10)
Therefore, the physical scalar elds parametrize
an n-dimensional complex hypersurface, dened
by the condition (10), while the overall phase of
the X
I
is irrelevant in view of a local (chiral) in-
variance. The embedding of this hypersurface can




be proportional to some holomor-
phic sections Z
I
(z) of the projective space PC
n+1
































The n-dimensional space parametrized by the
z














































The resulting geometry is known as special Kahler
geometry [1, 2]. The curvature tensor associated















































A convenient choice of inhomogeneous coordi-
nates z

















The kinetic terms of the spin-1 gauge elds in
























This tensor describes the eld-dependent gener-
alization of the inverse coupling constants and so-
called  parameters.
We give here some examples of functions F (X)
and their corresponding target spaces, which will



















































The rst three functions give rise to the mani-
fold SU (1; 1)=U (1). However, the rst one is not
equivalent to the other two as the manifolds have
a dierent value of the curvature [14]. The latter
two are, however, equivalent by means of a sym-
plectic transformation as we will show below. In
the fourth example  is a constant non-degenerate
real symmetric matrix. In order that the mani-
fold has a non-empty positivity domain, the sig-
nature of this matrix should be (+      ). So
not all functions F (X) allow a non-empty positiv-
ity domain. The last example, dened by a real
symmetric tensor d
ABC
, denes a class of special
Kahler manifolds, which we will denote as `very
special' Kahler manifolds. This class of manifolds
is important in the applications discussed below.
3. Symplectic transformations
The symplectic transformations are a general-
ization of the electro-magnetic duality transfor-
mations. We rst recall the general formalism for
arbitrary actions with coupled spin-0 and spin-
1 elds, and then come to the specic case of
N = 2.
3.1. Pseudo-symmetries in general




(now labelled by  = 1; :::;m)
coupled to scalars. The general form of the ki-

















































































=0 Equations of motion






























are related to the F

as in












Therefore the new tensor N is
e
N = (C +DN )(A + BN )
 1
(27)
This tensor should be symmetric, as it is the sec-
ond derivative of the action with respect to the
eld strength. This request leads to the equations































Some remarks are in order: First, these transfor-
mations act on the eld strengths. They generi-
cally rotate electric into magnetic elds and vice
versa. Such rotations, which are called duality
transformations, because in four space-time di-
mensions electric and magnetic elds are dual to
each other in the sense of Poincare duality, cannot
be implemented on the vector potentials, at least
not in a local way. Therefore, the use of these
symplectic transformations is only legitimate for
zero gauge coupling constant. From now on, we
deal exclusively with Abelian gauge groups. Sec-
ondly, the Lagrangian is not an invariant if C and





































If C 6= 0; B = 0 it is invariant up to a four{
divergence. Thirdly, the transformations can also










of magnetic and electric
charges transforms also as a symplectic vector.
The Schwinger-Zwanziger quantization condition
restricts these charges to a lattice with minimal
surface area proportional to h. Invariance of this
lattice restricts the symplectic transformations to
a discrete subgroup:
S 2 Sp(2m;Z ) : (30)
Finally, the transformations with B 6= 0 will be
non{perturbative. This can be seen from the fact
that they do not leave the purely electric charges
invariant, or from the fact that (27) shows that
these transformations invert N which plays the
role of the gauge coupling constant.
3.2. Pseudo{symmetries and proper sym-
metries
The transformations described above, change
the matrixN , which are gauge coupling constants
of the spin-1 elds. This can be compared to dif-
feomorphisms of the scalar manifold z ! z^(z)
which change the metric (which is the coupling
constant matrix for the kinetic energies of the
















N (z^(z)) = N (z) :
Both these dieomorphisms and symplec-




= Diff(M)  Sp(2m; IR) : (31)
They leave the action form invariant, but change
the coupling constants and are thus not invari-





(z) then the dieomorphisms
become isometries of the manifold, and proper
symmetries of the scalar action. If these isome-




N (z) = N (z) ; (32)
then this is a proper symmetry. These are invari-
ances of the equations of motion (but not neces-
sarily of the action as not all transformations can
be implemented locally on the gauge elds). To
extend the full group of isometries of the scalar
manifold to proper symmetries, one thus has to
embed this isometry group in Sp(2m; IR), and ar-
rives at the following situation:
D
prop
= Iso(M)  Iso(M)  Iso(M)  D
pseudo
Let us illustrate how S and T dualities, treated
in Sen's lectures [16], t in this scheme as proper
symmetries. The action he treats occurs in N = 4





a symmetric matrix M , satisfying MM = 
 1
where  = 
T
is the metric ofO(6; 22). Their cou-






The transformations on the scalars should lead to
(27) with (28). Let us rst consider this for the T











( is invariant) where  = A
T

















. The matrices C and B
are zero, which indicates that these symmetries
are realised perturbatively.
For the S dualities, M is invariant. These
transformations are determined by the integers


















N = (pN + q)(r
 1
N + s), which








Now, B and C are non-zero, which shows the non-
perturbative aspect of the S-duality.
3.3. Symplectic transformations in N = 2
In N = 2 the tensor N is determined by the
function F as explained in section 2. The deni-
tions of N in rigid and local supersymmetry can
6




































From this denition it is easy to see that N trans-










































(and their complex conjugates) as symplectic vec-
tors in the two cases. They thus transform as in
(25). With this identication in mind, we can re-
consider the kinetic terms of the scalars. Then it
is clear that the Kahler potentials (5) and (12),
and the constraint (10) are symplectic invariants.
This will lead to a new formulation of special ge-
ometry in section 3.5.


















(X) expresses the depen-
dence of the new coordinates
~
X on the old coor-





























The integrability condition which implies this
statement is equivalent to the condition that S
is a symplectic matrix. In the supergravity case,
one can obtain
~
































, but this denition
is also applicable when we take derivatives w.r.t. arbi-
trary coordinates z









) as an n + 1 by n + 1 matrix to see how this
denes the matrix N .
5
The remarks below are written with indices I; J as in
the supergravity case, but can be applied as well in rigid
supersymmetry replacing these indices by A;B.
6
The full symplectic matrix is always invertible, but this
part may not be. In rigid supersymmetry, the invertibility
of this transformation is necessary for the invertibility of





form an independent set, and then
~
F can not be dened.
See below.
Hence we obtain a new formulation of the theory,









X) is dierent from F (
~
X),
even taking into account (6). In that case the two
functions describe equivalent classical eld theo-
ries. We have a pseudo symmetry. These trans-
formations are called symplectic reparametriza-
tions [4]. Hence we may nd a variety of descrip-
tions of the same theory in terms of dierent func-
tions F .
2. If a symplectic transformation leads to the
same function F (again up to (6)), then we are
dealing with a proper symmetry. As explained
above, this invariance reects itself in an isom-
etry of the target-space manifold. Henceforth
these symmetries are called `duality symmetries',
as they are generically accompanied by duality
transformations on the eld equations and the
Bianchi identities. The question remains whether
the duality symmetries comprise all the isome-
tries of the target space, i.e. whether
Iso(M)  Sp(2(n + 1); IR) : (40)
We investigated this question in [17] for the very
special Kahler manifolds, and found that in that
case one does obtain the complete set of isome-
tries from the symplectic transformations. For
generic special Kahler manifolds no isometries
have been found that are not induced by sym-
plectic transformations, but on the other hand
there is no proof that these do not exist.
3.4. Examples (in supergravity)
We present here some examples of symplectic
reparametrizations and duality symmetries in the
context of N = 2 supergravity. First consider










1 0 0 0
0 0 0 1=3
0 0 1 0





one arrives, using (39), at (20). So this is a sym-
plectic reparametrization, and shows the equiva-
lence of the two forms of F as announced above.
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1 + 3  0 0
 1 +  0 2=9
0 0 1  3  





for innitesimal ; ; . Then F is invariant. On






z =   2z   z
2
=3 : (43)
They form an SU (1; 1) isometry group of the
scalar manifold. The domain were the metric is
positive denite is Im z > 0. This shows the iden-
tication of the manifold as the coset space in
(19), (20).
As a second example, consider (18). Using
(17) one obtains the matrix N which determines































This appears also in pure N = 4 supergravity in
the so{called `SO(4) formulation' [18]. Consider





1 0 0 0
0 0 0  1
0 0 1 0






























This is an example where the transformation be-
tween
~
X and X is not invertible. Using (39), we
obtain
~
F = 0. However, A + BN is invertible,
and we can compute
~


























(We performed here a symplectic transformation,
but no dieomorphism. We are still using the
same variable z). This is the form familiar from
the `SU (4) formulation' of pure N = 4 supergrav-
ity [20]. This shows that there are formulations
which can not be obtained directly from a super-
space action.
In the nal example, we will show that this
particular formulation can be the most useful one.









This is the only special Kahler manifold which is
a product of two factors [21]. Therefore it ap-
pears in string theory where the rst factor con-
tains the dilaton-axion. The rst formulation of
this class of manifolds used a function F of the














is the constant diagonal metric with signature
(+; ; : : : ; ) [13]. In this parametrization only
an SO(r 1) subgroup of SO(r; 2) is linearly real-
ized (residing in A and D of (25)). From a string
compactication point of view one does not ex-
pect this. The full SO(r; 2) should be a pertur-
bative symmetry, as it is realized in the N = 4
theory described by Sen [22, 16]. In the search for
better parametrizations, by means of a symplec-
tic reparametrization a function F of the square
root type was discussed in [23] which has SO(r)
linearly realized. However, the solution was found
in [19], and was not based on a function F at all.








where S is one of the coordinates (represent-









= 0, where 
IJ
is the
SO(2; r) metric. For additional details on this
example, see also [24], where the perturbative
corrections to the vector multiplet couplings are
considered in the context of the N = 2 heterotic
string vacua. This important example shows that
under certain circumstances one needs a formu-
lation that does not rely on the existence of a
function F .
3.5. Coordinate independent description
We want to be able to use more general co-
ordinates than the special ones which appeared
naturally in the superspace approach, and also to
set up a formulation of the theory in which the
symplectic structure is evident. First we will for-
mulate this for the rigid case [25].
We start by introducing the symplectic vec-
tor V 2 C
2n




no longer the derivative of a function F , but n
independent components. Then consider func-
tions V (z), parametrized by n coordinates z

( = 1; :::; n), which will be the coordinates on
the special manifold. The choice of special coordi-











(X(z)). By taking now deriva-






























where we introduced a symplectic inner product
hV;W i  V
T

W . The constraints which dene
the rigid special geometry can be formulated on
































































ordinates); and D contains the Levi-Civita con-
nection. The integrability condition of this con-

















(compare this with (7)).
The formulation can even be simplied in terms







(being the unit ma-























































For Supergravity a similar denition of spe-
cial geometry is possible. This formulation was
rst given in the context of a treatment of the
moduli space of Calabi-Yau three-folds [2, 5, 7].
The particular way in which we present it here is
explained in more detail in [26]. Now the sym-
plectic vectors have 2(n + 1) components. We
rst impose the constraint (10), which is written
in a symplectic way as h







Then we dene n holomorphic symplectic sec-
tions, parametrized by z

, which are proportional
to V :





and the proportionality constant denes the
Kahler potential. These equations are then in-


















K play the role of connec-











i = 0 : (55)
Usually the F
I
(z) are functions which depend on
X
I




F , and the scaling
symmetry implies that F is a holomorphic func-
tion homogeneous of 2nd degree in X
I
. But e.g.
with (50) this is not the case.
To make contact with the Picard-Fuchs equa-
tions in Calabi-Yau manifolds, a similar formula-
tion as for the rigid case is useful. This is obtained





















. One then introduces






























































The connection contains now the Levi{Civita one















4. Further results and conclusions
Special geometry is not conned to Kahler
manifolds. There exist a c map, which can be
obtained either from dimensional reduction of the
eld theory to 3 dimensions, or from superstring
compactication mechanisms [4]. This maps spe-
cial Kahler manifolds to a subclass of the quater-
nionic manifolds, which are then called special
quaternionic. As already mentioned, a subclass
of special manifolds are the `very special' ones.
These can be obtained from dimensional reduc-
tion of actions in 5 dimensions, characterised by
a symmetric tensor d
ABC
[28]. This mapping is
called the r map [29], and the manifolds in the
5-dimensional theory are called `very special real'
manifolds. These concepts were very useful in
the classication of homogeneous [30] and sym-
metric [14] special manifolds. It turned out that
homogeneous special manifolds are in one-to-one
correspondence to realizations of real Cliord al-
gebras with signature (q+1; 1) for real, (q+2; 2)
for Kahler, and (q + 3; 3) for quaternionic mani-
folds. A study of the full set of isometries could
be done systematically in these models . All this
has been summarised in [26].
For string theory the implications of special ge-
ometry in the rigid theories for the moduli spaces
of Riemann surfaces [25], and in the supergrav-
ity theories for Calabi-Yau spaces [2{7] is ex-
tremely useful for obtaining non-perturbative re-
sults [31, 25, 19]. For these results we refer to [8]
and to [32], where many more aspects of special
manifolds in the context of topological theories,
Landau-Ginzburg theories, etc. are discussed.
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